Abstract. We study the asymptotic of the spectrum of the spin c Dirac operator on high tensor powers of a line bundle. As application, we get a simple proof of the main result of Guillemin-Uribe [13, Theorem 2], which was originally proved by using the analysis of Toeplitz operators of Boutet de Monvel and Guillemin [10] .
Introduction
Let (X, ω) be a compact symplectic manifold of real dimension 2n. Assume that there exists a hermitian line bundle L over X endowed with a hermitian connection ∇ L with the property that
2 is the curvature of (L, ∇ L ). Let E be a hermitian vector bundle E on X.
Let g T X be a riemannian metric on X. Let J 0 : T X −→ T X be the skew-adjoint linear map which satisfies the relation ω(u, v) = g T X (J 0 u, v). Let J be an almost complex structure which is compatible with g T X and ω. Then one can construct canonically a spin c Dirac operator We recover with (1.1) the vanishing result of [6, Theorem 2.3] , [11, Theorem 3.2 ]. Another interesting application is to describe the asymptotics of the spectrum of the metric
Introduce the smooth function τ (x) = j R L (w j , w j ) > 0, x ∈ X, where {w j } n j=1 is an orthonormal basis of T of k. For k large enough, the number d k of eigenvalues on the interval (−a, a) satisfies d k = ch(L k ⊗ E) Td(X), [X] . In particular d k ∼ k n (rank E) vol ω (X).
In the case E is a trivial line bundle, Corollary 1.2 is the main result of Guillemin and Uribe [13, Theorem 2] 1 . The idea in [6] , [11] , [12] , [13] is that one first reduces the problem to a problem on the unitary circle bundle of L * , then one applies Melin inequality [14, Theorem 22.3.2] to show that ∆ # k is semi-bounded from below. In order to prove [13, Theorem 2] , they apply the analysis of Toeplitz structures of Boutet de MonvelGuillemin [10] . For the interesting applications of [13, Theorem 2], we refer the reader to Borthwick and Uribe [6] , [8] , [9] . For the related topic on geometry quantization, see [16] , [21] . Our proof is based on a direct application of Lichnerowicz formula. This paper is organized as follows. In Section 2, we recall the construction of the spin c Dirac operator and prove our main technical result, Theorem 2.5. In Section 3, we prove Theorem 1.1 and Corollary 1.2. In Section 4, we generalize our result to the L 2 case. In particular, we obtain a new proof of [12, Theorem 2.6].
The Lichnerowicz formula
Let (X, ω) be a compact symplectic manifold. Let (L, h L ), (E, h E ) be two hermitian vector bundles endowed with hermitian connections ∇ L and ∇ E respectively. Let R
L
and R E be their curvatures. We assume rank L = 1 and R L = −2π √ −1ω. Let g T X be an arbitrary riemannian metric on T X. Let J be an almost complex structure which is compatible with g T X and ω (For the existence of J, we refer to [17, p.61] ). Then J defines canonically an orientation of X. Let J 0 : T X −→ T X be the skew-adjoint linear map defined by
Then J commutes with J 0 .
Let T X c = T X ⊗ R C denote the complexification of the tangent bundle. The almost complex structure J induces a splitting T X c = T (1,0) X ⊕ T (0,1) X, where T (1,0) X and T (0,1) X are the eigenbundles of J corresponding to the eigenvalues √ −1 and − √ −1 respectively. Accordingly, we have a decomposition of the complexified cotangent bundle:
The exterior algebra bundle decomposes as ΛT
T X be the Levi-Civita connection of the metric g T X , and let ∇ 1,0 and ∇ 0,1 be the canonical hermitian connections on T (1,0) X and T (0,1) X respectively:
Let us recall some basic facts about the spin c Dirac operator on an almost complex manifold [15, Appendix D] . The fundamental Z 2 spinor bundle induced by J is given by
) defines the Clifford action of v on Λ 0,• , where ∧ and i denote the exterior and interior product respectively.
Formally, we may think
where S (T X) is the spinor bundle of the possibly non-existent spin structure on T X, and det T (1,0) X 1/2 is the possibly non-existent square root of det T (1,0) X. Moreover, by [15, pp.397-398] , ∇ T X induces canonically a Clifford connection on Λ 0,• . Formally, let ∇ S(T X) be the Clifford connection on S(T X) induced by ∇ T X , and let ∇ det be the connection on (det
Let {w j } n j=1 be a local orthonormal frame of T (1,0) X. Then
form an orthonormal frame of T X. Let {w j } n j=1 be the dual frame of {w j } n j=1 . Let Γ be the connection form of 
We denote the corresponding norm with · .
Remark that by (2.1), at x ∈ X, there exists
, and a i (x) > 0 for i ∈ {1, · · · , n}. So
The following Lichnerowicz formula is crucial for us.
Theorem 2.2. The square of the Dirac operator satisfies the equation:
where K is the scalar curvature of (T X, g T X ), and
Proof. By Lichnerowicz formula [3, Theorem 3.52], we know that
Now, we identify R L with a purely imaginary antisymmetric matrix −2π 
¿From (2.3), we infer that
and therefore there exists a constant C > 0 not depending on k such that
The following is our main technical result.
Theorem 2.5. There exists C > 0 such that for any k ∈ N and any 
Thus H µ = 0, for 0 < µ < 2kλ − C. The proof of our theorem is completed.
Proof of Corollary 1.2. Let
We focus now on elements from P k (Ker D
We obtain thus [6, Theorem 2.3] (see also [7] , [11, Theorem 3.13]) for k ≫ 1,
(from (3.4), they got KerD − k = 0 for k ≫ 1). In view of (2.15) and (3.4),
where s 2 is the component of degree 2 of s, A ′ 2 is a contraction operator comming from the middle term of (2.3), and α ∈ Ω >0 (X, L k ⊗ E). By (3.5), (3.6), we know
and by (3.4), (3.7),
By (3.4) and (3.8), we get
Thus, (3.7) and (3.9) yield
By (2.12) and (3.10), there exists a constant a > 0 such that
By (3.4), we know that for k ≫ 1,
The proof is now reduced to a direct application of the minimax principle for the operator ∆ # k . It is clear that (3.2) and (3.11) still hold for elements in the Sobolev space W 1 (X, L k ⊗ E), which is the domain of the quadratic form 
where F runs over the subspaces of dimension j of Dom Q k . By (3.11) and (3.13), we know µ
⊥ . By (3.2), (3.13), we obtain µ 
where Td(X) is the Todd class of an almost complex structure compatible with ω. The index is a polynomial in k of degree n and of leading term k n (rank E) vol ω (X), where vol ω (X) is the symplectic volume of X.
The proof of our corollary is completed. 
By Lichnerowicz formula [4, (21) 
, or by the irreducible representations of L, which are associated with the weight ka (where a is a given weight), when k tends to +∞, the techniques used in our paper still apply.
Covering manifolds
We extend in this section our results to covering manifolds.
Covering manifolds, von Neumann dimension.
We present here some generalities about elliptic operators on covering manifolds and Γ-dimension. For details, the reader is referred to [1, §4] , [19, §1, §3] .
Let X be a paracompact smooth manifold, such that there is a discrete group Γ acting freely on X having a compact quotient X = X/Γ. Let g T X be a Γ-invariant metric on T X. Let p : X −→ X be the projection.
For a Γ-invariant hermitian vector bundle ( F , h F ), we denote by C ∞ c ( X, F ) the space of compactly supported sections. Then
We have a decomposition
is the L 2 space over the relatively compact fundamental domain U of the Γ action. This makes L 2 ( X, F ) into a free Hilbert Γ-module. Since Γ acts by left translations l γ on L 2 Γ, we obtain a unitary action of Γ on L 2 ( X, F ) by left translations L γ = l γ ⊗ Id. We will consider in the sequel closed Γ-invariant subspaces of L 2 ( X, F ) for this action, called (projective) Γ-modules.
Let A Γ be the von Neumann algebra which consists of all bounded linear operators in L 2 Γ ⊗ H which commute to the action of Γ. Let R Γ be the von Neumann algebra of all bounded operators on L 2 Γ which commute with all l γ . Then R Γ is generated by all right translations. Let B(H) be the algebra of all bounded operators on H. Then
If we consider the orthonormal basis (δ γ ) γ in L 2 Γ, where δ γ is the Dirac delta function at γ ∈ Γ, then the matrix of any operator A ∈ R Γ has the property that all its diagonal elements are equal. Therefore we define a natural trace on R Γ as the diagonal element, that is, tr Γ A = (Aδ e , δ e ) where e is the neutral element. Let Tr be the usual trace on B(H), then we define a trace on A Γ by Tr Γ = tr Γ ⊗ Tr.
For any closed Γ-invariant space V ⊂ L 2 Γ ⊗ H i.e. for any Γ-module, the projection P V ∈ A Γ and we define dim Γ V = Tr Γ P V . In general the Γ-dimension is an element of [0, ∞]. We also need the following fact [20, p.398 ]. 
Consider an elliptic, Γ-invariant, formally self-adjoint differential operator P defined in the first instance on C ∞ c ( X, F ). By a theorem of Atiyah [1, Proposition 3.1], the minimal extension of P (i.e. the operator closure of P ) and the maximal extension of P (i.e. P * ) coincide. Hence
is essentially self-adjoint. Therefore P has a unique self-adjoint extension, namely its closure. From now on, we always work with this extension of P , which we will denote with the same symbol.
Then the self-adjoint extension P , as well as its spectral projections commute with the action of Γ. In particular, the spectral spaces are Γ-modules. For a Borel set B ⊂ R, we denote by E(B, P ) the spectral projection corresponding to the subset B, and for µ ∈ R, set E µ ( P ) = E (−∞, µ], P . We introduce now a quantitative characteristic of the spectrum, namely the von Neumann spectrum distribution function. For µ ∈ R, set
It is non-decreasing and the spectrum of P coincides with the points of growth of N Γ (µ, P ). If P is semi-bounded from below, we have Range E µ ( P ) ⊂ Dom P m for m ∈ N. Using the uniform Sobolev spaces [19, pp. 511-2] , it is easily seen that F ) is linear continuous. Let K µ ( x, y) be the kernel of E µ ( P ) with respect to the riemannian volume dv X of g T X . By Schwartz kernel theorem, K µ ( x, y) is smooth. By [1, Lemma 4.16] ,
4.2.
The spin c Dirac operator on a covering manifold. Assume that there exists a Γ-invariant pre-quantum line bundle L on X and a Γ-invariant connection ∇ L such that
Let ∇ E be a Γ-invariant hermitian connection on E. Let J be an Γ-invariant almost complex structure on T X such that J is compatible with ω and g T X . Let J 0 ∈ End(T X) be defined by
Then J commutes with J 0 and J 0 , g T X , ω, J are the pull-back of the corresponding objects in Section 2 by p : X → X.
We use in the sequel the same notation as in Section 2 for the corresponding objects on X. Following Section 2, we introduce the Γ-invariant spin c Dirac operator
Proof. By applying Lichnerowicz formula (2.10) for
, we obtain as in the proof of Corollary 2.4, that there exists C > 0 such that
By Lemma 4.2, this is valid for any
In the same vein, we can generalize Theorem 2.5. 
As an immediate application of the estimate (4.1) for the Dirac operator and Remark 2.3, we get the following asymptotic vanishing theorem which is the main result in [12, Theorem 2.6]. Proof. The proof of Theorem 1.1 does not use the fact that the spectrum is discrete. Therefore it applies in this context, too.
We study now the spectrum of the Γ-invariant Schrödinger operator ∆ k − k · τ • p. 
Proof. By repeating the proof of Corollary 1.2, we get estimates (3.2) and By (3.14), the proof is achieved.
